Our everyday experiences support the hypothesis that physical systems exist independently of the act of observation. Concordant theories are characterized by the objective realism assumption whereby the act of measurement simply reveals preexisting well defined elements of reality. In stark contrast quantum mechanics portrays a world in which reality loses its objectivity and is in fact created by observation. Quantum contextuality as first discovered by Bell [Rev. Mod. Phys. 38, 447 (1966)] and Kochen-Specker [J. Math. Mech. 17, 59 (1967)] captures aspects of this philosophical clash between classical and quantum descriptions of the world. Here we briefly summarize some of the more recent advances in the field of quantum contextuality. We approach quantum contextuality through its close relation to Bell type nonlocal scenarios and highlight some of the rapidly developing tests and experimental implementations. * Electronic address: thompson.
I. INTRODUCTION
The aim of this paper is to survey some of the rapidly evolving ideas in the field of quantum contextuality. It can be argued that this field was in suspended animation during the intervening period between its conception in seminal papers by Bell and Kochen and Specker in 1967 [1, 2] and the 2007 landmark discovery of a simple and experimentally verifiable inequality by Klyachko et al. [3] . Post 2007 there has been steady development of quantum contextuality. However in the view of the authors of this paper, the field is currently in a nascent interlude and still has undeveloped potential capable of creating an explosion of mainstream interest. With this in mind we would like to give a succinct summary of the progress on quantum contextuality at this junction. We also present a uniform approach to quantum contextuality and what is commonly referred to as quantum nonlocality 1 which we believe delivers a stable platform for developing new results.
Through this platform we hope to find applications for quantum contextuality and thereby move it out of the realm of foundations of quantum mechanics and into mainstream quantum information science. Quantum nonlocality has two undeniably important practical applications: device independent quantum key distribution [5, 6] and private amplification of randomness [7] . Because quantum nonlocality is a special case of contextuality it should also be possible to find practical applications for quantum contextuality. Once this happens we will witness a significant amplification of research in this area.
A. Pre-history
Quantum mechanics has always struggled with interpretational issues to the extent where its founding fathers famously contested the theoretical foundations of the new field. This struggle resulted in a seminal paper by Einstein, Podolsky and Rosen (EPR) in 1935 [8] which introduced a philosophical manifesto called local realism. From EPR's perspective local realism is a very fundamental property of Nature that underpins every physical theory. The local realism hypothesis purports that observable properties of physical systems should exist 1 The term quantum non-locality is imprecise causing many unnecessarily heated debates. It is obvious that quantum mechanics is local [4] . We use this term to express the fact that quantum mechanics cannot be described by local realism. objectively (i.e. properties of states exist independently of the observer) and concurrently the outcome of measuring any physical property can not be influenced by space like separated events. It is worth pointing out that all relativistic theories of matter obey local realism.
However, as demonstrated experimentally by Aspect et al. in 1982 [9] , quantum mechanics is not locally realistic.
B. Hidden variables
EPR effectively started a programme of constructing hidden variable theories [10] . Here the unilateral assumption is that the outcomes of measurements of physical properties reveal the underlying well defined properties of the measured system. For instance, if one measures the spin of a quantum particle along direction "x" and obtains value "+1", (the spin points up along the "x" direction) a hidden variable theory would argue that this property of the spin (the property of being up along the "x" direction) was revealed by the act of measurement. In contrast, quantum mechanics tells us that this property was created by the act of measurement [11] . A general statement that the outcomes of experiments exist objectively is of no use if it cannot be empirically verified. Adjudicating between quantum mechanics and hidden variables requires both theories to be reformulated in terms of experimentally testable predictions.
In this paper we are specifically interested in a special class of hidden variable theories called non-contextual hidden variables (NCHV). NCHV theories can be simply characterized in the following way. Let us assume that we can measure some properties of a given physical systems denoted as A 1 , A 2 , A 3 , . . . , A N , where each measurable property A i can yield outcomes {a i }. The noncontextual assumption states that the outcome of measuring A i is independent of which other members of the set {A 1 , A 2 , A 3 , . . . , A N } are coincidentally measured. It is important to note here that each outcome value a i can appear inherently randomly (determinism being a special case). The description noncontextual means that the outcomes of measurements do not depend on the context in which they are measured, i.e., the outcome of A i is independent of whether it was measured in the context of A j or A k .
C. Bell-Kochen-Specker theorem
The original question of contextuality of quantum theory is based on elementary events that are represented by projectors in Hilbert space. Two projectors are orthogonal, if the corresponding events are exclusive. The impossibility of outcome assignment, i.e., the impossibility of NCHV preassigning outcomes to events is formalized by the Bell-Kochen-Speckertheorem [1, 2, 12, 13] (BKS theorem):
In dimension greater than two; there exist projectors Π i such that it is not always possible to assign outcomes 0, 1 to all projectors in such a way that (i) For any complete orthogonal basis of projectors {Π i } the assignment satisfies Σ i Π i = 1 (completeness of the basis) (ii) If a projector, Π i , belongs to multiple complete bases then it is consistently assigned the same value in all bases (noncontextual condition).
The formulation of the BKS theorem with projectors can be considered as the most fundamental, since projectors correspond to elementary events that can either happen or not.
However, the problem of contextuality was also defined for observables that are linear combinations of projectors. An elegant simple example of contextuality with ±1 observables is given in-terms of the Mermin-Peres square [13, 15, 16] . Consider a bipartite system of two spin 1/2 particles. Take the square array:
where σ x , σ y , σ z are Pauli matrices and I is the identity matrix and the operators have been arranged so that columns and rows form mutually commuting triads. Note that the product of the triad of operators in the last column is −I⊗I, while in every other row and column the product is I ⊗ I. The Mermin-Peres square is a state-independent proof of the BKS theorem because a value assignment of ±1 to each operator in the above array can not reproduce this algebra [13, 16, 17] . This became an enduring foundational arguments for quantum contextuality.
D. Mathematical roots of contextuality
Noncontextual hidden variables exist if and only if the outcomes of all observable properties of a given physical system can be described by a joint probability distribution [18] .
Let us elaborate on this statement as it plays a central role in our review and provides a mathematically rigorous approach to NCHV theories. We will also focus on this topic in the next section.
Consider a set of observables {A 1 , A 2 , A 3 , . . . } that represent some physical properties of a quantum system. In general the corresponding operators, which we denote by the same letters A 1 , A 2 , A 3 , . . . do not all commute. According to quantum mechanics it is possible to simultaneously measure a set of observables if and only if the associated operators are mutually commutative. To make this statement clear we consider three observables
gives us two experimentally verifiable probability distributions p(a 1 , a 2 ) and p(a 1 , a 3 ) and nothing beyond this. However, NCHV would assume the existence of a joint probability distribution for all observables, i.e., p(a 1 , a 2 , a 3 ). Experimental veracity of this assumption would require that both the experimentally accessible distributions p(a 1 , a 2 ) and p(a 1 , a 3 ) can be consistently recovered as marginals from some well defined joint probability distribution: p(a 1 , a 2 ) = a 3 p(a 1 , a 2 , a 3 ) and p(a 1 , a 3 ) = a 2 p(a 1 , a 2 , a 3 ).
We illustrate these concepts via a spinless quantum particle in a one-dimensional space.
The experimentally measurable properties are: momentum and position. We denote the respective outcomes p and x. The noncontextual hidden variable description presupposes a joint probability distribution p(x, p). We can ask whether this joint provability distribution p(x, p) is supported by quantum mechanics, which simply means that the marginal probability distributions p(x) and p(p) must be recovered from p(x, p) by appropriate integration. It is an ongoing challenge to generalize all facets of nonlocality to contextual scenarios.
In particular, despite the fact that nonlocality has found many computational applications, it is still unknown if general contextuality can be considered as a meaningful computational resource. We find the question whether single system contextuality, where nonlocal correlations and communication are no longer useful resources, can be used to outperform classical algorithms fascinating.
F. Topics in this paper
In Section II we approach contextuality by identifying it with the nonexistence of a joint probability distribution. In the process we highlight the close relationship between nonlocal and general noncontextual scenarios and some of the recent discoveries in the field of contextuality. In Section III we review some prominent test of the contextuality of quantum theory. We naturally bipartition these tests into state-dependent and stateindependent tests of contextuality. In Section IV we present some alternative approaches and properties of contextuality that are based on previous studies on nonlocality. Finally, in Section V we discuss some recent experiments that verified both, state-dependent and state-independent contextuality.
II.
AN OVERVIEW OF CONTEXTUALITY
We begin by identifying some key concepts which can be used to approach the discussion of contextual inequalities and experiments in the proceeding sections. We discuss how contextuality arises in systems possessing some measurable properties, {A 1 , A 2 , . . . A N }, whose measurement statistics can not be described by a joint probability distribution; an approach which is also used to study Bell inequalities and the problem of nonlocality. We will draw on this common framework to establish contextuality and its relation to the pre-established seminal work on non-existence of joint probability distributions in nonlocal scenarios.
We continue the perspective that contextuality is a more general feature than nonlocality and that many nonlocal properties should be somehow manifested in a more general form when considered in contextual scenarios. Application of Bell-like inequalities to general contextuality is a new field of research and some properties of new contextual inequalities have only recently been discovered.
A. Joint probability distributions
Consider the following problem. An experiment returns a large amount of data corresponding to outcomes of measurements M = {A 1 , A 2 , . . . , A N }. The data was collected in many repetitions of the experiment. It is assumed that each measurement A i refers to some physical property of the system that is being measured and that its outcomes a i are discrete. The data allows you to estimate probabilities of events like p(A i = a i ), or p(A i = a i , A j = a j ). However, imagine that due to some reason in a single run of the experiment only special subsets {A i , A j , . . . } ⊂ M were measured, hence you are limited to estimate probabilities p(a i , a j , . . . ) corresponding to these subsets. Here, we use the simplified notation p(A i = a i ) ≡ p(a i ). Your task is to determine if a joint probability distribution p(a 1 , a 2 , . . . , a N ) that can give a rise to all measurable marginal probabilities p(a i , a j , . . . ) =
x,y,··· =i,j,... p(a 1 , a 2 , . . . , a x , . . . , a y , . . . , a N ) (2.1)
can in principle exist.
What is implied by the existence of a joint probability distribution? Any such probability distribution has to be supported on a set of events. To characterize an event we preassigned outcomes of all measurable quantities; in this case events are of the form: A 1 = a 1 , A 2 = a 2 , . . . , A N = a N . Therefore the existence of a joint probability distribution implies that it is possible to preassign outcomes to measurements before the actual measurement happens.
In this scenario the measurement outcome of every property existed independently of the act of observation. Furthermore within the set of co-measurable properties {A i , A j , . . . }, the outcome of measuring A i is independent of which other members of the set are coincidentally measured. This is often called the objective realism hypothesis. It is a hallmark of systems governed by the laws of classical physics. In quantum mechanics this possibility is often associated with some non accessible hidden variables, that together with a state vector |ψ would be able to determine outcomes of all measurements on the system.
On the other hand, if the outcomes of measurements do not exist before the measurement is performed (to which one often refers as to lack of realism), or if the outcomes depend on what other measurements are done at the same time (contextuality), a joint probability distribution does not exists. This fact was first observed for nonlocal scenarios in Ref. [18] , and was later extended to contextual scenarios in Ref. [19] .
B. Complementarity and compatibility relations
We have shown that the problem of the existence of a joint probability distribution arises due to the fact that not all measurements can be performed in a single experiment. Following quantum mechanics, we refer to this property as to complementarity. On the other hand, if two measurements can be performed in the same experiment we call them compatible. It is therefore natural to ask what kind of complementarity and compatibility relations can give rise to the lack of a joint probability distribution. This problem was studied in Ref. [20] .
Below we summarize the main results. Note, that although this construction may seem artificial, due to complementarity relation one is not able to disproof its validity. Moreover, the above construction recovers all measurable marginals. For example
The above follows from the fact that for all x and y one has p(x) = y p(x, y) (we will come back to this problem later).
Joint probability distributions can be constructed in an analogous way for all complementarity graphs that do not contain cycles of size greater than three. 3-cycles are already cliques, therefore one can experimentally estimate a joint probability distribution for all three measurements in the cycle. The construction goes as follows. First, we multiply joint probability distributions for all cliques (3-cycles and two vertices connected by an edge) in the graph and next we divide by the joint probabilities of measurements that appear more than once. If a measurement, say A, appears n-times, one divides the product of probabilities of cliques by p(a) n−1 . For more details see [20] . For example, a joint probability distribution for the case b) ( Figure 1 ) can be constructed as
The marginal probabilities can be obtained by summing over all other measurements.
However, summation must be performed in the specific order. We start summation from the measurements that in the construction appear only in one clique. After the summation, some terms cancel and we obtain a new distribution. Next, we sum over measurements that in the new distribution appear only once. We follow this recursive procedure as long as a desired marginal probability is obtained.
For graphs that contain cycles of size greater than three the above construction does not work. This is because of two reasons. First, n-cycles (n > 3) are not cliques themselves, therefore one cannot experimentally evaluate probabilities for all measurements in the cycle.
Moreover, in n-cycles every vertex appears in more than one clique and the above summation procedure cannot be performed. Therefore one arrives at the necessary condition for the lack of joint probability distribution. Namely, the lack of a joint probability distribution can be detected only in scenarios in which complementarity relation between measurements induces cycles of size greater than three. In the Figure 1 only the case c) may not admit a joint probability distribution. Note, that this case corresponds to a well known Clauser-Horne-Shimony-Holt (CHSH) nonlocal scenario [21] in which four measurements are done on a bipartite system. Two complementary measurements (say A and C) are done on the first subsystem, whereas the other two (B and D) are done on the second subsystem. For a detailed study of probability distributions and inequalities based on n-cycles see Ref. [22] .
C. Non-contextuality assumption
Every Bell-like inequality relies on three assumptions: free will, realism and noncontextuality. The free will assumption, i.e., observers can freely choose which measurements to perform, is rarely questioned on the scientific grounds [23] . Moreover, the joint probability distribution approach does not require the discussion of the free will assumption. Therefore, we focus on the remaining two assumptions.
The notions of nonlocality and contextuality refer to our classical intuition. In classical physics values of physical parameters associated with outcomes a i exist independently of whether we decide to measure them or not. In this sense classical theories are often said to be realistic. Sometimes measurement outcomes of a realistic theory cannot be described by a joint probability distribution. This happens when the outcome of measuring a property depends on what other measurements are performed at the same time. In general this dependence is called contextuality, since the outcome depends on the measurement context.
In the special case where the measurements are performed in different spatial locations the same dependence is known as nonlocality. Putting aside the free will assumption, present experiments cannot uniquely determine whether the universe lacks realism or is contextual in the above sense (or both). Nevertheless, it is commonly accepted to refer to quantum phenomena which exhibit these effects as to quantum contextuality and quantum nonlocality respectively.
The non-contextuality assumption states that measurement outcomes do not depend on what other measurements are performed at the same time. As this is a key point we highlight it by using an explicit example. Consider a system with measurable properties
Take all possible subsets comprised of jointly co-measurable properties. Let m k = {A i , A j , . . . } ⊂ M be a representative subset; we say m k furnishes a measurement context for each of its elements A i , A j , . . . . The system is noncontextual if we can uniquely determine the measurement statics of a property A i by sampling its outcomes a i in measurement context m k . In other words for every property A i ∈ M, the measurement outcomes of this property are the same irrespective of which measurement context is chosen.
In case of nonlocal Bell-type scenarios the assumption that measurement outcomes of Alice do not depend on spacelike separated measurement choices made by Bob is supported by the special theory of relativity which dictates no interaction can spread faster than the speed of light. It is therefore assumed that any potential interaction that could cause violation of some Bell inequality would have to obey special relativity, and hence it would have no effect if two measurements were spatially separated. On the other hand, in contextual scenarios in which measurements are performed on the same system one lacks additional support for non-contextuality coming from other physical theories. In this case non-contextuality is rather a reasonable assumption that is supported on our realistic everyday experience that values of physical properties are independent of what other properties are observed at the same time. This is because the measurement is only assumed to reveal the value of the measured property without any interference.
It has been demonstrated by Fine [18] that the existence of such a joint probability distribution is necessary and sufficient conditions for constructing a non-contextual hidden variable theory capable of replicating the measurement statistics.
D. Noncontextuality assumption in quantum theory
The smallest contextual quantum system has three levels and can be physically realized by a spin 1 system. Due to its relative simplicity, the spin 1 system is often used to study contextuality. Here it is possible to interpret measurable properties as projectors onto eigen-
states |S x = 0 of the spin operators S x which measures spin relative to a direction x. In quantum mechanics projectors onto the two spin 1 states |S x = 0 and |S y = 0 respectively, can be jointly measured if x and y are orthogonal. Physically, if the measurement projects the state of a spin 1 particle onto |S x = 0 one learns that the direction of spin is orthogonal to x.
A joint measurement of projectors onto |S x = 0 and |S y = 0 corresponds to a question:
which of the two orthogonal directions x and y the spin direction is orthogonal to?.
It follows that |S x = 0 can be measured together with |S y = 0 or |S y = 0 , where y and y lie in the yz-plane. These two measurement possibilities create a context and one may ask how it is possible that the property: the spin direction is orthogonal to x, depends on what other direction is investigated at the same time.
Obviously, there is no known physical principle stating that properties of the spin direction cannot change from one measurement context to another. Nevertheless, it would be very strange (according to our classical intuition) if they did.
E. Bounds on contextuality
Studies of contextuality focus on theories in which the context dependence is not explicit in a sense that the outcome of measurements may depend on the context, but the probabilities are context independent. This means that for all measurements A, B and C one has p(a) = b p(a, b) = c p(a, c), irrespective of whether B and C are compatible or complementary [24, 25] . Quantum theory is one such theory. The violation of this assumption, i.e., b p(a, b) = c p(a, c) leads to peculiar effects. For example, if B and C were performed on a different system than A, the violation of the above property would lead to a superluminal signaling. Therefore, in nonlocal scenarios the condition b p(a, b) = c p(a, c) is known as the no-signaling condition. In general contextual scenarios we refer to this property as to no-disturbance [26] .
Contextual scenarios which probe the BKS theorem often assume that measurements correspond to events. In this case the compatibility relation takes the form of exclusivity. where a (respectively b) is the event A = 1 (respectively B = 1). This has to hold for all exclusive events, therefore in all exclusivity graphs the sum of probabilities corresponding to connected vertices has to be bounded by one. Moreover, under the assumption that a set of mutually pairwise exclusive events is exclusive [27] , the sum of probabilities in any clique has to be bounded by one too.
Despite the above restrictions on probabilities, one still has some freedom when assigning probabilities to vertices. The non-contextual bound in inequalities based on exclusive events is derived under the assumption that a joint probability distribution for all events exists.
These inequalities take the form of the sums of individual probabilities of all events. The noncontextual bound was shown to be equal to the independence number α of the corresponding exclusivity graph, G, for the set of projectors {X}:
where in the above V (G) is the set of vertices belonging to the exclusivity graph G and by p(x) we mean the probability of getting outcome X = 1 when measuring projector X [25] . The independence number is the maximal number of mutually disjoined vertices in the graph, which in our case corresponds to the maximal number of events that can occur, under the assumption that whether event occurs or not does not depend on the measurement (realism).
The maximum value of the left hand side of Equation (2.5) attainable by quantum observables was shown to correspond to the Lovasz ϑ-function of G, which is another graph property obeying α ≤ ϑ [25] . The Lovasz ϑ-function is based on the orthogonal representation of graphs and is defined as
where |ψ is a unit vector and V is a set of unit vectors |v i corresponding to vertices of the graph having the property, that the two vectors are orthogonal if the corresponding vertices are connected by an edge. The most interesting scenario is when the Lovasz ϑ-function of G is greater than independence number; under these circumstances Inequality (2.5) can be used to demonstrate contextuality of quantum theory.
No-disturbance and exclusivity allows for even greater violation of the inequality. However, recent results suggests that Lovasz ϑ-function, and hence quantum mechanics, allows for greatest possible violation of contextual inequalities that are compliant with the exclusivity principle which states that the sum of probabilities of pairwise exclusive events is bounded by one. If one applies this principle to a set of events corresponding to a single test, one may obtain even greater violation than the violation allowed in quantum theory. However, if one applies this principle to a set of events corresponding to multiple independent tests (global exclusivity), one may find that the extended structure of subsets of pairwise exclusive events can lead to stronger bounds on contextuality [27, 28] .
III. TESTS OF CONTEXTUALITY
In simple words, a contextuality test examines whether expectation values of a number of observables cannot be described via joint probability distributions. In cases considered in this work, this corresponds to a detection of the violation of certain inequalities that involve expectation values obtained in a laboratory. However because an expectation value is a linear combinations of probabilities, the inequalities can take an alternative form similar to Equation (2.5).
The original BKS theorem does not depend on a state of the system. Quantum contextuality, as introduced by Kochen and Specker [2] (and independently motivated by Bell [1] ), is a property of measurements, not a property of states.
On the other hand quantum nonlocality is the lack of a joint probability distribution which can be constructed under the assumptions of local realism and noncontextuality. However, quantum nonlocality can only occur if the state of the measured system is entangled. This may seem to contradict our perspective that nonlocality belongs to the general framework of contextuality.
From the perspective of testing types of contextuality, nonlocality tests are state dependent because all permissable measurements on the quantum system must be implementable by local operations. This is a strong restriction on the set of measurements which can be performed.
In order to reveal the lack of a joint probability distribution for all states one needs to have enough freedom in choosing the measurement settings. The ability to preform a test which reveals contextuality for all quantum states (a state-independent test) is a property of a set of observables which have sufficiently exploited this freedom to enable detection of contextuality in the completely mixed state.
In multipartite scenarios this would involve global nonlocal measurements on all parts of the system. In case of the standard BKS scenario all measurements are performed on a single system, therefore in principle there are no restrictions on measurements.
In the following two sections we will be focussing on state-dependent and stateindependent tests of contextuality.
State-independent tests are capable of revealing contextual behavior for any state of the quantum system. Explicitly, a state-independent test invokes a set of observables {A 1 , A 2 , . . . A N } such that for any state of the quantum system there is no joint probability distribution describing the outcome of measuring these observables on that state.
While state-dependent tests typically use fewer observables to show that no joint probability distribution can describe the measurement outcomes on certain nominated states of the quantum system.
In Subsection III C we will expand upon this topic by showing how to convert a specific state-independent tests into state-dependent tests. The general procedure is to restrict the collection of measurable observables.
A. State-dependent contextual inequalities
We would like to use the techniques from Subsection II E to derive state-dependent contextual inequalities. This is a critical step in the development of experimental tests of contextuality. We focus on developing ideas rather than listing the numerous state-dependent inequalities.
Wright's inequality
We begin with a game where systems exhibiting quantum contextuality can be interpreted as resource states which can boost the chances of winning [29] .
An observer has access to a classical system which can be prepared in any arbitrary mixture of five classical states, labeled 1, 2, 3, 4, 5. They are tasked with ascertaining the answers to five yes-no questions. We write the first question in full as A 1 : 'Is the system in either state 1 or 2?", and in abbreviated form as A 1 = "1 or 2?". We use "A 1 = 1" to denote an affirmative answer to this question and "A 1 = −1" to denote a negative outcome.
An observer's score is calculated using the sum of the probability of attaining a positive answer p(A i = 1), for each question i = 1, . . . , 5 and can be interpreted as the number of questions answered affirmatively. To win it is sufficient to maximize your score. In this convention the remaining questions are A 2 = "3 or 4?", A 3 = "1 or 5?", A 4 = "2 or 3?", and A 5 = "4 or 5?". Because the outcomes A i = 1 and A i±1 mod 5 = 1 are mutually exclusive at most 2 questions can be answered affirmatively and
This is known as Wright's inequality [30] . If the classical system is prepared in a random mixture of all states then the probability an affirmative answer is given to any question is 2/5, which saturates the above inequality.
However, when the observer has access to quantum systems with dimension greater than 2; quantum contextuality is linked to higher scores [29] . We prepare the system in a pure state ψ| = (0, 0, 1), (3.2) and translate our questions into dichotomic, {+1, −1}-observables of the form
Even when we fulfill the exclusivity condition, which occurs when the projectors Π i = |v i v i | and Π i±1 mod 5 are orthogonal, the maximum attainable value of the left hand side of Equation
This scenario would correspond to optimal violation of Wright's inequality (3.1) and a higher score in the game [29] . It is physically realizable when:
for c = cos(π/5) and s = sin(π/5) while C = cos(2π/5) and S = sin(2π/5). The normalization constant N = √ 1 + c.
KCBS inequality
Wright's inequality is intimately related to the simplest state-dependent contextual inequality which is commonly referred to as the Klyachko-Can-Binicioglu-Shumovskyinequality (KCBS inequality) [3] .
Given a spin-1 system, in a sufficiently pure state, the KCBS inequality utilizes five observables whose measurement statics can not be replicated by a joint probability distribution or hidden variable model to demonstrate quantum contextuality. Here we consider the simplest case of a pure state system as it furnishes the strongest resemblance between the KCBS inequality and Wright's inequality.
The five observables are projective measurements, Π i = |v i v i | for i = 1, . . . 5, on the pure state. Pairs of projective measurement are considered to be compatible if and only if they are orthogonal 2 . Following the quantum version of Wright's inequality we choose consecutive observables Π i and Π i±1 mod 5 to be compatible; these complementarity relations can be summarize by the 5-cycle graph in Figure 2 . This means we can construct well defined marginal probability distributions which predict the outcomes of measuring Π i and Π i+1 mod 5 coincidentally.
One realization of these compatibility relations is when the system, |ψ , is given by Equation (3.2) and the five projective measurements are onto the subspaces defined in Equation
Because the events Π i = 1 and Π i±1 mod 5 = 1 are exclusive we know that for the five projectors, which are identified with vertices of Figure 2 , at most two projectors can be simultaneously assigned value 1. It is possible to derive this from the graph independence number of Figure 2 . This implies that for non-contextual realistic theories:
Equation (3.4) demonstrates that this inequality is violated by the pure state ψ|. We pause to remark that the above inequality could be directly obtained from using Figure 2 in conjunction with Equation (2.5).
The KCBS inequality is conventionally reinterpreted as a statement about the correlations of the {1, −1}-dichotomic observables given in Equation (3.3). By simple substitution in Equation (3.6) it is possible to derive the conventional form of the KCBS inequality: Lets take a closer look at the 5-cycle graph in Figure 2 . In Subsection II B we established a necessary condition for being unable to construct a joint probability distribution; we must have a collection of (n ≥ 4)-observables whose complementarity relation form a n- cycle graph. Furthermore we identified the Clauser-Horne-Shimony-Holt-inequality (CHSH inequality) with the case of 4-observables.
In this framework the CHSH and KCBS inequality which correspond to 4-cycle and 5-cycle graphs respectively, are the simplest tests of quantum nonlocality and quantum contextuality in the sense that they use the minimal number of observables necessary for no joint probability distribution to exist and the smallest possible systems.
9-projector contextuality for all states except the maximally mixed one
Contextual inequalities can often have complementarity relation graphs with more structure than the simple n-cycles we have presented so far in this paper, which can lead to violation of the inequality by a larger class of states. To illustrate these developments we introduce a nine-projector inequality presented in Ref. [31] which can detect contextuality for any quantum state of a spin-1 particle, except the maximally mixed state, provided we choose the measurement basis appropriately. We give the form of the nine projector inequality based on dichotomic ±1 observables A i = 2|v i v i | − 1:
where E(G) is the edge set of Figure 3 which describes the complementarity relations of the nine observables. For an explicit realization of how these 9-projective measurements can be oriented in a 3-dimensional Hilbert space see Ref. [31] . It can be shown that for any state, except the maximally mixed one, one can always find a basis for projectors Π i = |v i v i | such that both, the state and the matrix i=1,. of Wrights inequality we identify events of the form A 1 = a 1 , . . . A n = a n , where a i = 0, 1, which we will abbreviate to a 1 , . . . , a n |1, . . . , n. Of particular interest are the events whose exclusivity relations are outlined in Figure 4 . When a joint probability distribution exists the maximum number of these events which can occur simultaneously is given by the independence number of the graph in Figure 4 (see Subsection II E). Using the same logic as in Wright's inequality it follows that:
where by p(a 1 , . . . , a n |1, . . . , n) we simply mean the probability of the corresponding event occurring. It was discovered in Ref. [34] that the quantum violation of this inequality can be up to 3.5.
This can be compared directly to Wright's inequality. The major distinction between these two scenarios is that the events in Equation (3.9) are more complicated; they require the outcomes of a collection of compatible observables to be specified. In contrast each event in Wright's inequality can be uniquely labeled by the outcome of a single observable.
B. State-independent contextuality
The Bell-Kochen-Specker theorem proves that contextuality arises from the algebraic structure of quantum operators, without any reference to particular quantum states. There has been a series of debate, however, on whether contextuality identified by BKS theorems has any physical consequence [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] .
On the other hand, state-dependent contextual inequalities prove that there is an ex- because, assuming the possibility of outcome assignment, the product of all terms on the left hand side is 1, regardless of how we assign values to each observable. The labeling of observables A ij will be explained in details in Sec. III C.
On the other hand, let A ij = 2|v ij v ij |−I be a quantum operator on the four-dimensional Hilbert space, where the set of four vectors |v ij corresponding to observables in every correlation term, A ij A kn A ml A pq , are mutually orthogonal and are defined in Figure 6 (Sec.
III C). It is easy to see that for these operators each term is equal to the identity operator.
This implies the left-hand side of Equation (3.10) is equal to 9 regardless of which quantum state the expectation values are evaluated on. Therefore, all quantum states of dimension 4, including the completely mixed state, violate Inequality (3.10). This requisite stateindependent inequality proves that the state-independent contextuality discovered by BKS is actually experimentally verifiable. We will come back to this inequality in Section III C.
BKS theorems and state-independent contextual inequalities
We have seen two different approaches to proving the contextuality of quantum theory. One is epitomized by the BKS theorem and the other is based on inequalities. They both utilize the noncontextuality assumption and the algebraic relation of the observables.
Perhaps it is not surprising that the observables used to prove the BKS theorems yield state-independent contextual inequalities.
In fact, the observables in the inequality above are precisely the ones used in Ref. [12] .
Quantum operators used in other BKS theorems are also known to provide state-independent contextual inequalities. For example:
Peres-Merimin squares [10, 14, 16 ] (see also Section I C): This inequality is violated up to 6 when the ±1 observables are identified with the following two-qubit operators,
12)
Mermin's GHZ-type proof [10, 16] :
This inequality is violated when each observable is set as the following tensor product of n single-qubit observables,
Here, σ z,i and σ x,i denote the Pauli Z and X operator on the i-th qubit, respectively.
These examples are also presented in Ref. [46] .
Despite these examples, it is not known whether any set of observables used in some BKS theorem yields a state-independent inequality. Moreover, state-independent contextual inequalities can be constructed from a set of observables that do not allow a BKS theorem [47, 48] . There is much to be investigated about relations between the BKS theorems and stateindependent contextual inequalities.
Reducing the number of measurements
The set of observables characterizes a contextual inequality. The size of this set influences the number of measurements that must be performed. When fewer observables are required to measure the quantum violation of an inequality the experimental implementation requires fewer experimental resources. For the case when all the observables are rays (i.e., rank-1 projectors), the minimum number of observables is upperbounded by 10 + d. For d = 3, a set of 13 rays has been discovered by Yu and Oh [48] , which has been proven to be optimal in Ref. [49] . The complementarity relations of the corresponding dichotomous observables A ij = I − 2|v ij v ij | are indicated in Figure 5 . Any noncontextual assignment of ±1-outcomes to these observables will satisfy the condition:
where Γ (ij)(nk) = 1 if two rays v ij and v nk are orthogonal; in Figure 5 vertices v ij and v nk are adjacent. Otherwise it is equal to zero. The quantum value of the above inequality can reach 25/3, which is 4% higher than the noncontextual bound.
To evaluate the quantum violation, some of the contextual observables must be measured sequentially. The coherence of the quantum system must be maintained from the measure-ment of the first observable until the last one. For example, verification of the violation of Equation (3.10) requires four observables to be measured sequentially. The coherence becomes more difficult to maintain as we increase the number of sequential measurements.
Hence, it is desirable to reduce the number of such observables as much as possible. For dimensions 3, 4 and 5, it is proven that state-independent contextual inequalities can be constructed with at most two sequentially measured observables [48, 50, 51] .
More robust state-independent inequalities against experimental errors
Suppose we obtain the value v in some experiment when confirming contextuality using a particular inequality. This could be greater than the classical bound ℵ of the given inequality, but as long as the number of times we repeat an experiment is finite (which is always the case), it is possible that we observed this violation by accident. If the separation between the classical value and the quantum value is greater, then there is less chance of "guessing wrong".
Given a set S of observables, let us denote the family of sets of indices corresponding to all compatible combinations of observables by C whose elements are c, i.e., c ∈ C. In Equation Next, let us denote by A c a product of compatible ±1 quantum observables A i , i.e., Let q be the quantum value of some given state-independent contextual inequality, i.e., Klienmann and others presented a linear programming method to maximize the ratio q/ℵ [51] . Their method assumes that S and C are first given. They set q = 1 and minimize ℵ by varying λ c in linear programming. They argue that the same experimental data obtained in Ref. [52] can be used to increase the standard deviation of the quantum violation from 3.7 to 7.5, if they use their optimized inequality instead of the unoptimized one presented in Ref. [48] .
Implementability under specific quantum systems
State-independent inequalities can be customized for specific quantum systems. In quan- where i is the imaginary number, and A kl and A kl are real-valued observables defined by
In noncontextual hidden variable theories, the variables A kl are modular variables, which implies that
In quantum theory, we obtain the value 6 for the left hand side, therefore we have a stateindependent contextuality for continuous variables.
C. State-independent to state-dependent
Let us now discuss the relation between state-dependant and state-independent contextuality tests. An interesting analysis of the transition between state-independent and state-dependent inequalities was done in Ref. [46] , in following this work we come back to Inequality (3.10) for 18 binary ±1 observables A ij on a four-level system. We present the analysis below. Each observable appears in two different measurement scenarios (contexts) that are labeled by indices i, j = 1, . . . , 9 that obey i < j. In total there are nine different contexts. Two observables A ij and A kl can be measured together if they share the same context. For convenience we rewrite the state-independent inequality (3.10): This is exactly the CHSH inequality [21] which is state-dependent due to the fact that it contains fewer measurements than the original inequality.
IV. DIFFERENT APPROACHES TO CONTEXTUALITY
We have identified contextuality and nonlocality with the lack of a joint probability distribution capable of reproducing the measurable probabilities as marginals. Using this approach some nonlocal features can be naturally mapped to contextuality. Now that we have developed a broader perspective for the field of contextuality, including a grasp of contextual inequalities, we explicitly discuss several instances of this interdisciplinary approach.
A. Entropic tests
An alternative approach to testing contextuality is based upon information theoretic principles [20, [54] [55] [56] . This approach was inspired by an information theoretic generalization of the CHSH inequality [54] . It uses the existence of a joint probability distribution (governing measurement outcomes) for any systems with non-contextual local hidden variables, to derive relations on the information carried by the system. Here we will describe the direct application off this technique to the KCBS inequality [20] .
The backbone of this work is the existence of a joint probability distribution (in noncontextual hidden variable theories) describing the outcomes of five observables A 1 , . . . , A 5 .
This facilitates the construction of a joint entropy H(A 1 , A 2 , . . . , A 5 ) where
is the Shannon entropy. This quantity has several important properties.
There is a simple relation for the amount of information, H(A|B), needed to describe the outcomes of an observable A conditioned on already knowing the value of a second The second property
has an intuitive interpretation as conditioning can not increase the information carried by an observable A and that a single observable can never carry more information than a pair of observables.
Using the first of these properties we can determine that
Further coarse-graining this relation using Equation (4.3) gives the information theoretic inequality
This inequality is maximally violated by a value of 0.091 bits when the state |ψ and projectors |A 1 , . . . , |A 5 have the relative orientation
for ϕ = 0.1698 and θ = 0.2366. This implies that no joint probability distribution exists for the outcomes of the five observables on the state |ψ .
B. Monogamy relation
As a counterpoint to our discussion of deriving contextual inequalities via the graph independence number of the corresponding complementarity graph; we look at the roles of other graph properties mentioned in Subsection II E. Specifically, we mentioned that in principle it is possible to violate contextuality by more than it is allowed by the Lovasz ϑ-function (quantum limit). The maximal contextuality compliant with the no-disturbance principle is given by the fractional packing number of a complementarity graph of the corresponding inequality [25] . In nonlocal scenarios no-disturbance is equivalent to no-signaling. Here we consider an approach to contextuality based upon this relationship.
The no-signaling condition was used in Ref. [57] to derive bounds on violations of Bell inequalities in scenarios in which one observer takes part in violations of more than one inequality of the same type. It was found that violation of corresponding inequalities depends on the number of observers and the number of measurement settings. For example, in every no-signaling theory in the CHSH scenario in which Alice, Bob and Charlie can choose one of two measurements each, the sum of violations of CHSH inequalities between Alice and
Bob and between Alice and Charlie is bounded by four
Therefore, if the inequality is violated between Alice and Bob it cannot be violated between Alice and Charlie, and vice versa. This property is refered to as the monogamy of Bell inequality violations. If both inequalities were violated, the cooperation between Bob and Charlie (who do not have to be spatially separated) could lead to a superluminal signaling to Alice.
In Ref. [26] monogamy relations were derived for KCBS inequalities. This time the monogamy is based on no-disturbance. The KCBS scenario involves five cyclically exclusive events A 1 , . . . , A 5 . Next, imagine another KCBS scenario involving measurements A 1 , . . . , A 5 . However, assume that measurements in the first set are not independent form the measurements in the second set. This is in a sense analogical to the CHSH monogamy scenario in which two CHSH inequalities are not independent, because they are related via Alice's measurements. There are different ways to implement the dependence between events A i and A j . For example, some of these measurements may be common to both sets, or they might be related by additional exclusivity relations.
In Figure 7 we present one possibility in which event A 1 is exclusive to A 1 and A 2 , and event A 5 is exclusive to A 4 and A 5 . Therefore, in addition to p(A 1 = 1, A 5 = 0) and p(A 1 = 1, A 2 = 0) one can also experimentally estimate p(A 1 = 1, A 1 = 0, A 2 = 0) (similar for A 5 ). We set p(A 1 = 1) = p and p(A 5 = 1) = q. Exclusivity implies that For a concise summary of the many different parallel avenues of development see Figure 8 .
A. Tests of the Mermin-Peres square proof of quantum contextuality
State-independent realizations
Early experimental work was conducted on variants of Inequality (3.11) . This stateindependent inequality for two qubit systems, is a compact way of verifying the lack of preassigned noncontextual measurement outcomes for the Mermin-Peres square operators in Equation (3.12) [13, 15, 16] . The inequality is state-independent because for every triad of operators belonging to a row or column of the Mermin-Peres square it is impossible to preassign noncontextual ±1-outcomes in such a way that the product of operators is equal to the product of the assigned outcomes.
Originally Kirchmair et al. [58] focussed on testing this inequality with a pair of 40 Ca + ions in a linear Pauli trap. Two ionic energy levels furnished a two level systems. These were defined as the basis states | ↑ and | ↓ of the Pauli operator σ z in Equation (3.11 ).
Initially the system was prepared in the singlet state: In this environment violation up to 5.3 was detected.
State-dependent realizations.
In Subsection III C we explained how to go from state-independent to state-dependent inequalities by restricting the number of observables. These results have been applied to experimental work on Mermin-Peres square operators. Here we highlight an experiment based on a state-dependent inequality derived from Equation (3.11) by a priori assigning values of ±1 to certain observables. The theoretical process described in Subsection III C is physically implemented by restricting the range of measurement settings.
To illustrate these principles we consider an all optical experiment based on the inequality: Similar principles were experimentally tested on a single neutron system entangled in spin and path [62] . The experiment focused on a collection of six observables given by Pauli operators on the 2-dimensional Hilbert spaces spanned by the neutron spin (s) and path (p) degree of freedom respectively. The corresponding contextual inequality for these 6 operators is: Oh's 13 projector inequality [48] .
In the experimental arena C. Zu et al. [52] tested the inequality on a single photonic qutrit. The three level system was constituted by three different spatial paths of a photon.
A single 800nm photon was conditionally obtained by a spontaneous parametric down conversion process and subsequently manipulated using half-wave plates and polarization beam Such an experimental implementation was undertaken using a single 171 Yb + ion trapped in a four-rods radio frequency trap [64] . The three internal atomic energy levels of ground state of the ion are mapped directly to the three levels of the qutrit system. For eleven different states, X. Zhang et al. showed violation of the inequality by as much as 27.38 [64] .
Again the results from this ion trap experiment were free from the detection loophole but could not directly close the disturbed hidden variables loophole.
To finish our discussion of state-independent experiments we hight an interesting parallel development by V. D'Ambrosio et al. [65] who experimentally tested the state-independent inequality:
where V (G) is the vertex set of Figure 6 . Consider a collection of eighteen events, |v ij v ij | = 1, with exclusivity relations summarized by (an exclusivity graph isomorphic to) Figure 6 .
Equation ( The first experimental tests of the KCBS inequality used a single photon heralded source and standard optical elements to create a three level system encoded in a subspace of Equation (5.2) [66] . The KCBS inequality requires all five observables to be measured in two different contexts, this was implemented using a triplet of detectors which simultaneously measured pairs of observables belonging to the correlation terms A i A j in Equation (3.7).
However for a specific observable, A 1 , there was disruption to the state of the observable between the points at which the two different contextual measurements occurred. This forced
R. Lapkiewicz et al. to test a variant of the KCBS inequality
which included an experimentally measurable error term, = 1 − A 1 A 1 , reflecting the discrepancy between the state of the observable A 1 measured in the context of A 2 and the state A 1 measured in the context of A 5 [66] . In practice this error was = −0.083. A violation of −3.899 was attained.
Recently J. Ahrens et al. experimentally implemented the KCBS inequality without introducing any error terms [29] . The all optical scheme was based on sequential measurements or pairs of compatible observables, A i , A j in Equation (3.7) . This allowed the compatability of observables to be checked by inverting the order of sequential measurement and checking whether the outcome (level of violation of the KCBS inequality) was effected [29] . The ob- 
VI. CONCLUSIONS
In the present work we have surveyed the evolution of contextuality from its conception as a purely mathematical theorem to the empirically testable phenomenon that was recently verified in laboratories. We showed that quantum contextuality is a general framework treating quantum correlations on equal footing, regardless of whether they occur between many parts of a composite system, or between properties of a single object. Finally, we also highlighted some prominent directions in contemporary research topics.
Quantum nonlocality evolved in a similar way from the early metaphysics to experimental verification in 1980's. The breakthrough for quantum nonlocality was its application to cryptography [5] and the invention of the quantum teleportation protocol [69] which was a catalyst for the birth of quantum information theory. We believe that at the moment we are in the eve of such breakthrough for quantum contextuality.
One of the most important open problems in contextuality is its general applicability in quantum information theory. Interestingly, the special case of nonlocality is a well established resource. This nonclassical resource is intertwined with classical resources for communication. For example, it was shown that nonlocality can be simulated with communication [70] . Moreover, it is also known that nonlocality is a useful resource in communication related problems.
On the other hand, there is very little known about the relation between general contextuality and other information theoretic resources. Recently, it was proposed that contextuality for a single (local) system can be simulated in realistic theories if one uses additional memory resources [71] . By analogy to nonlocality, it is therefore possible that contextuality might be useful in some memory related tasks, however we need to learn more about the fundamental properties of contextuality before an affirmative answer can be given.
